We present a theoretical description of Bogolyubov-type excitations of exciton-polariton BoseEinstein condensates (BECs) in semiconductor microcavities. For a typical two dimensional (2D) BEC we focus on two limiting cases, the weak-and strong-coupling regimes, where a perturbation theory and the Thomas-Fermi approximation, respectively, are valid. We calculate integrated scattering intensity spectra for probing the collective excitations of the condensate in both considered limits. Moreover, in relation to recent experiments on optical modulation allowing localization of condensates in a trap with well controlled shape and dimensions, we study the quasi-one dimensional (1D) motion of the BEC in microwires and report the corresponding Bogolyubov's excitation spectrum. We show that in 1D case the characteristic polariton-polariton interaction constant is expressed as g1 = 3λN /(2Ly) (λ is the 2D polariton-polaritons interaction parameter in the cavity, N the number of the particles, and Ly the wirecavity width). We reveal some interesting features for 2D and 1D Bogolyubov spectra for both repulsive (λ > 0) and attractive (λ < 0) interaction.
I. INTRODUCTION
The rich picture of the exciton-polariton Bose-Einstein condensates (BECs) in semiconductor microcavities has opened the opportunity for exploring a great variety of phenomena, such as superfluidity of quantum fluid 1,2 , vortices 3 , persistent currents 4 , half-quantum vortices 5 , as well as applications in quantum cascade laser 6 and interferometric devices (see Ref. 7 and references therein). The scheme of controlling the dynamic of condensates is ruled by their elementary excitations. The knowledge of the properties of these (Bogolyubov-type) excitations would reveal the main causes and allow for the detailed understanding of the physical phenomenon under consideration. Phonon-like excitation spectrum in the lowmomentum regime of a quantum fluid condensate was firstly theoretically studied by Bogolyubov. 8 
Finally, M. H. Anderson and co-workers
9 observed the Bogolyubovde Genes spectrum in a ultra-cold dilute atom cloud.
Polariton-polariton interaction and the behavior of the excitation spectra play a fundamental role for understanding the underlying physics of the BEC dynamic in semiconductor microcavities. Utsunomiya et.al have realized 10 the first experimental observation of Bogolyubov spectrum in a GaAs/AlGaAs microcavity by showing, in the phonon-like regime, a clear linearization of the quadratic polariton dispersion as a function of the inplane wavevector k. Nevertheless, the exciton-polariton excitation energy is modified if the condensate is loaded in a 2D trap potential, thus the spectrum must be characterized by appropriate quantum numbers describing the confined phonon-like excitations.
In addition to the two dimensionality nature of the BEC in semiconductor microcavities, a dynamical condensation of exciton-polaritons can also be induced in one-dimensional (1D) systems. Nowadays, it is possible to realize and manipulate diverse trap potentials for exciton-polaritons. 7, [11] [12] [13] This experimental ability enhances the range of potential applications, such as the design of condensate circuits, 7 among others. In particular, 1D parabolic confined potentials can be generated in microwires or by optical manipulation. Then, optical modulation allows to control the shape of the condensate wave functions and to study their quasi-1D motion in the microcavity. 12, 14 In particular, exciton-polariton 1D harmonic traps have been induced by employing two pump laser beams.
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The aim of this paper is to give a mathematical description of elementary excitations of a confined BEC in microcavities, with a special emphasis on the shape and dimensionality of the trap potentials. We explore convenient analytical descriptions of the condensate that can be used to study its dynamics and related physical phenomena, such as vortices, persistent currents and superfluidity.
This manuscript is organized as follows. Section II is devoted to the Bogolyubov-type elementary excitations in a 2D parabolic potential. Two approaches are discussed: (i) a perturbative method where the cubic term present in the non-linear Gross-Pitaevskii equation (GPE), can be considered as perturbation in comparison to the trap potential, and (ii) the so-called strong coupling regime or Thomas-Fermi limit where the col-lective excitations of the ground state are described by the variation of its density. Also, we report calculated spectra of electromagnetic waves scattered by the condensate comparing both limits of weak and strong nonlinear interactions. In Sec. III, we first deal with the reduction of the spatial 2D GPE to an effective 1D equation by "freezing" the transversal direction if the cavity width is much smaller than the harmonic oscillator length. The procedure allows us to rigorously obtain the effective 1D polariton-polariton interaction constant. Then, in the framework of the present model, we derive the Bogolyubov excitations for the 1D parabolic and semi-parabolic traps and show the main differences between them. Finally, in Sec. IV is devoted to conclusions.
II. TWO DIMENSIONAL COLLECTIVE EXCITATIONS
Within the framework of the mean field theory, the physical characteristics of a trapped BEC described by a macroscopic wave function Ψ(r, t) are ruled by the time dependent 2D nonlinear GPE,
where r = (r, θ) is the radius vector in polar coordinates, λ is the self-interaction parameter, 16,17 m * is the excitonpolariton mass, and V (r) = m * (ω 2 0x x 2 + ω 2 0y y 2 )/2 is the two dimensional harmonic potential characterized by the trap frequencies ω 0x , ω 0y .
The collective excitations can be obtained by applying a small deviation from the stationary solutions Ψ 0 (r, t) = ψ 0 (r) exp(−iµt/ ) of Eq. (1) in the form of
where µ is the chemical potential, u and v are the amplitudes of the excitation mode with frequency ω. The perturbative nature of the last two terms in Eq. (2) is ensured if the following conditions are satisfied, u|u , v|v ψ 0 |ψ 0 . After substituting the perturbed wave function (2) into Eq. (1) and performing the linearization procedure, one obtains the following eigenvalue problem for the frequencies ω and amplitudes u and v:
with
The operator in Eq. (3) is not Hermitian, however, its spectrum lies entirely in real space 19 with the set of positive and negative values ω corresponding to (u : v)
T and (v * : u * ) T states, respectively. The ground state characteristics ψ 0 and µ can be found from the stationary GPE
with the boundary conditions ψ 0 → 0 at r → ∞ and normalized over the total number of condensed particles, N ,
Let us now introduce the dimensionless parameter Λ = λm * N / 2 which describes the strength of interaction in the system. We will further focus on the two important limiting cases when solutions of Eqs. ( 3) and (5) can be found analytically, namely, the limits of sufficiently small and large values of Λ. In the former limit the interaction term can be treated in the framework of the perturbation theory while in the latter case (the so-called Thomas-Fermi approximation) collective excitations are the solutions of the hydrodynamic-like equations.
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A. Perturbative method
As known, the polariton-polariton self-interaction parameter λ depends on exciton-photon detuning δ. 17 For typical GaAs/AlGaAs microcavities, the perturbation theory for the GPE (5) is valid if the number of particles in the condensate N ≤ 10 4 for -10 meV< δ <3 meV or N ≤ 10 6 if the detuning lies in the interval 3 meV< δ <7 meV. 21 All these cases correspond to the dimensionless self-interaction coefficient's values -3< Λ <3. 16 In this range of parameter λ, the nonlinear term λ |ψ 0 | 2 in Eq. (5) can be considered as a small perturbation with respect to the isotropic (ω 0x = ω 0y = ω 0 ) harmonic trap confinement potential, m * ω 2 0 r 2 /2. Hence, the order parameter ψ 0 can be expanded in series of the complete set of 2D harmonic oscillator wave functions
with ρ = r/a, a = /m * ω 0 the characteristic unit length, m z the z-projection of the angular momentum, m = |m z |, and N = 0, 1, 2, ... . The corresponding energies measured in units of ω 0 are N = N + 1.
The chemical potential and the condensate distribution n 0 = |ψ 0 | 2 up to the second and first order in Λ read
Here Γ(0, z) is the incomplete gamma function and γ is the Euler-Mascheroni constant. 22 Since the perturbation, λ |ψ 0 | 2 , in Eq. (3) does not mix states with different angular momenta m = |m z | , we can search the required so-
√ 2π with the amplitudes u N,m and v N,m expanded over the set of 2D radial components of oscillator wave functions
Substituting Eq. (11) into Eq. (3), one can obtain the spectrum of the Bogolyubov's excitations (see Appendix A for details). It is possible to show that ω N,m up to the second order in Λ can be cast as
where the coefficients N,m are obtained in the Appendix A. Figure 1 displays the excitation frequencies ω N,m for the lowest 11 collective modes versus the dimensionless interaction parameter Λ. Let us note that the excitation frequencies in the non-interacting limit are equal to those of the two-dimensional harmonic oscillator measured from the zero-level ω 0 oscillations. At Λ = 0, the system is (N + 1) degenerate with respect to angular momentum value m z , which is a direct consequence of the axial symmetry inherent to the isotropic 2D harmonic confinement potential. At Λ = 0, the frequency corrections N,m depend on m (see Eqs. (A7) and (A11), respectively). Hence, the non-linear perturbative term splits the energy spectrum by the absolute value of the angular momenta projection m, leaving the twofold degeneracy with respect to the sign of m z . Figure 1 shows that for the repulsive interaction, the excitation energies decrease with the increase of the condensate density. From the figure it follows that the doubly degenerate dipole excitation states N = 1, m z = ±1 (mode ω 1,1 ) are unaffected by the nonlinear interaction. This mode is harmonic, in agreement with the Kohn's theorem, 23 and it represents a rigid motion of the center of mass. 20, 24 Notice that the same result holds under Thomas-Fermi 
Hereχ N,mz (r) = u N,m (r)e imzθ : v N,m (r)e imzθ and γ d is the damping parameter of the photon mode in the microcavity. The summation in Eq. (13) is performed only over N while the value of m z is set constant, m z = 0. In Fig. 2 the calculated exciton-polariton density distribution D exc (r; ω) is shown for Λ = 1, and γ d = 0.1ω 0 . The bright spots observed in the figure correspond to the minima of the excitation density and are linked to the zeros of the radial density function |R N,m=0 (ρ)| 2 , i.e. for a given ω N,m=0 the function D exc has n = N/2 minimum in space domain. 
B. Current density
Superfluidity, the formation of quantized vortices, 26 and persistent currents 4 are among the most interesting properties of exciton-polariton condensates. Collective fluid dynamics of condensates can be driven coherently by the continuous-wave pump energy and triggered by a short pulse of another laser.
1 Also, vortices can be excited by a pulsed probe transferring angular momentum resonantly with the pumping signal. 4 In all considered effects, and in a general sense, assessing the current density, j(r, t), becomes necessary and the evolution of the density profile for the collective excitations is of interest. Starting from the well known equation for the current density,
and rewriting the wave function as Ψ N,mz (r, t) = |Ψ N,mz (r, t)| exp (iS N,mz (r, t)) we obtain:
where v s (r, t) = m ∇S(r, t) is known as the superfluid velocity. Notice that integer vortices are described by rotation of S → S + 2πp, with p = ±1, ±2, .... and half vortices correspond to p = ±1/2, ±3/2, ... 5 In Eq. (15) , c N,mz (r, t) = |Ψ N,mz | 2 = |ψ 0 (r, t) + δΨ N,mz (r, t)| 2 represents the total concentration of particles in the excited state (N, m z ).
The non-zero θ-component of the current density associated with an elementary excitation is obtained by evaluating the gradient,
where the condensate density perturbation, δc N,mz , is given by:
.
The excitation density profiles δc N,m at t = 0 are displayed in Fig. 3 for (N = 1, m z = 1), (N = 7, m z = 3), and (N = 6, m z = 0). Figure 3 illustrates the symmetry properties of the excited states as a function of the quantum number m z . Since δc N,m (t = 0) ∼ cos(m z θ) the profile shows the nodal distribution at θ p = (2p + 1) π/(2m z ) with p = 0, 1, .., |m z | .
C. Thomas-Fermi limit
For sufficiently large values of parameter Λ, the density profile of the condensate becomes smooth enough to omit the kinetic energy term in Eq. (5). 27 We then arrive to the so-called Thomas-Fermi limit with the ground state density,
Here r 0 = 2µ T F /(m * ω 2 0 ) is the radius of the condensate ground state in the Thomas-Fermi limit. The normalization condition (6) yields for the chemical potential µ T F = ω 0 Λ/π so that µ T F is large compared to the oscillator energy. For the collective excitations we follow the approach developed in Ref. 20 for atomic condensates in three dimensional traps, which can be directly applied to the 2D case. Rather than considering small deviations of the wave function, let us now describe the collective excitations of the ground state by the variation of its density δc T F (r,t) = δc T F (r) = [n(r) − n 0T F (r)] e iω T F t and frequency ω T F . The equation for δc T F can be derived after some transformation of the GPE including the linearization procedure and omitting the kinetic energy terms. We then finally arrive to the following hydrodynamic equation: defined in the same region as Eq. (5). The solution of (19) can be cast as
where P 2n,m (x) = 
Following the same trends as in the 3D case (see Ref.
18) in the limit of strong particle interactions, the excitation energies become Λ independent. This result is represented in Fig. 1 by dashed lines. One can see again that the frequencies of the dipole mode (n = 0, m = 1) ω T F n=0,m=1 = ω 0 in the Thomas-Fermi and perturbative approaches indeed coincide. Moreover, the excited state N = 2, m z = 0 in both considered limits is also harmonic, i.e. ω N =2,m=0 = ω T F n=1,m=0 = 2ω 0 .
D. Probing the excited states of the condensate
Light scattering spectroscopy is a common technique for investigation of the optical properties of semiconductors, 25, 28, 29 which can be used for probing the excited states of the Bose-Einstein condensates in microcavities. Consider the two dimensional exciton-photon system in the strong coupling regime probed by a low-intensity resonant electromagnetic wave. The scattered wave can be found within the so called input-output approach 30, 31 . The internal polariton modes are resonantly excited by the incident field so that Eq. (1) gains an additional "pump" term and can be written as
Here E(r, t) is the incident field, which can be written as E = E 0 e ikr e −iµt/ cos ωt, k is the in-plane wave vector (k = 0 under normal incidence), γ d is the cavity damping parameter, and t A is the amplitude transition coefficient of the cavity mirrors. The wave function Ψ should be treated as the polarization of an exciton mode or the electric field of a photon mode. Substituting in Eq. (22) the wave function in the form (2) yields the problem identical to Eq. (3) but with a nonzero right part −1/2tE 0 e ikr : 1/2tE 0 e ikr T . Using the Green's function formalism (13) , the solution of this non-uniform problem is readily obtained. Therefore the output (scattered) field in the positive frequency range can be written as
A possible experimental observable is the integrated intensity of the scattered wave given by
This quantity is represented in Fig. 4(a) for different values of the wave vector k (corresponding to different angles of incidence of the probing wave). One can see that at normal incidence (k = 0) only the modes with m = 0 are excited and due to parity considerations the modes with even radial numbers n exhibit considerably stronger interaction with the probing field. At k = 0 the modes with non-zero m appear and the peak value shifts towards higher energies with increasing k.
In the Thomas-Fermi limit, the expression for the field analogous to Eq. (23) is obtained if one takes the wave functions of excitations in the form of δc T F (r) n,mz / n 0T F (r). The scattered spectrum then has the same form as given by Eq. (24) with the following κ N,mz coefficients:
The calculated spectra are presented in Fig. 4(b) . 
III. QUASI ONE-DIMENSIONAL EXCITON-POLARITON CONDENSATES
In the following, we reduce the two dimensional GPE (1) to a 1D problem along the axial direction (x) of a microwire. This can be done by "freezing out" the y−motion of the condensate (due to the presence of a lateral confinement potential) and by re-normalizing the mean-field interaction. We consider a wire cavity with a separable potential V (r) = U x (x) + U y (y), where
2 is the harmonic trap and U y is the cavity confinement potential along y−axis. Employing the adiabatic approximation, the order parameter Ψ(r, t) can be factorized as
where the longitudinal wave function φ y and the energy E y are determined by the auxiliary problem
Assuming an infinite confinement barrier, the polariton eigenenergies are E y = ω ny with ω ny = 2m
n y is an integer number, and L y denotes the microwire cavity length. (Notice that the adiabatic approximation is restricted to the strong spatial confinement case where the frequency ω 0x ω ny=1 ). Substituting Eq. (26) into Eq. (1) and assuming that the condensate along the y−direction remains close to the ω ny=1 ground state with φ ny=1 = 2/L y sin(πx/L y ), we obtain the equation
where g 1 = 3λN /(2L y ) is the effective 1D polaritonpolariton interaction constant.
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A. Normal modes in 1D-parabolic potential
In this case, we employ the same method of the linear response as in Section II with
, and l x = /(m * ω 0x ). The present problem is analogous to the one studied for diluted atomic gases in 1D optical lattices (see Refs. 35 and 36) . Applying those results to our case we have for the 1D chemical potential:
and for the 1D excitation frequencies,
where
is the gamma function and γ k are numeric parameters given elsewhere.
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The corresponding total density in the excited state k, c (1D) k (x, t), and the excitation profile, δc
The dynamics of the condensate calculated using Eqs. (B1)-(B3) are sketched in Fig. 5 by a 2D map of the density, c (1D) k (x, t) (k = 2 and 3) as function of dimensionless coordinate x/l x and time tω 0x . For the calculation we chose Λ 1D = ±2. From the figure we observe that, for a certain moment of time, there are pronounced oscillations of the density, c 
B. Normal modes in 1D semi-parabolic potential
Let us now consider a semi-parabolic potential 12, 37 V (x) = 0 ;
In this case the order parameter must fulfill the boundary conditions ψ 
The corresponding Bogolyubov's excitaion frequencies ω
(1/2D) k can be cast as
with γ k numeric parameters obtained in Appendix C. Using the above analytical solutions, the frequencies ω and, unlike the case of harmonic potential, its energy depends on Λ 1D . This is a consequence of the fact that potential (30) breaks the inversion symmetry and the Konn's theorem is not valid.
IV. CONCLUSIONS
In summary, we have studied the two-and onedimensional Bogolyubov's excitation modes of a BoseEinstein condensate of exciton-polaritons in 2D in microcavities and microwire-cavities with harmonic traps. In the 2D case we have found eigenenergies and eigenfunctions of the collective modes for two limiting regimes: the weak and strong polariton-polariton interactions. In the weak interaction limita and based on the perturbative method of solution of the non-linear GPE, we derived explicit analytical expressions for the collective excitation frequencies given by Eqs. (12), (29) , and (32). In the two-dimensional case, there are two independent spaces of solutions, I and II (see Appendix A), and the corresponding excitation spectrum is ruled by the angular momentum conservation. In all considered cases, the Bogolyubov's frequencies plotted against the self-interaction parameter, λ, show a negative slope. In the case of strong polariton-polariton interaction case, where the ThomasFermi approximation is valid, the wave functions and the eigenfrequencies are presented by Eqs. (20) and (21) with the dispersion law λ independent.
We have shown that in 1D traps the polaritonpolariton coupling strength is renormalised, and it can be controllued by the confinement potential of the frozen y−motion (and scales as 1/L y ), allowing for a modulation of the non-linear cubic term, g 1 |φ x | 3 , and, consequently, it affects the spectrum of the excited states. Also, we derived the complete sets of the 2D and 1D excitation modes, which allow for the calculation of a variety of dynamical variables relevant to experiments. In particular, we presented a theory on light scattering by the confined microcavity condensate and calculated, in both considered limits, the spectral dependence of the integrated intensity of a scattered electromagnetic wave. We have calculated the polariton current density associated with the elementary excitations. It is related to the density profile for the excited states (Figs. 2 and 3) . We suggest that they are relevant to the experimentally measured real-space spectra distribution for the polariton pendulum (see Figs. 1 and 2 in Refs. 7 and 15) and spatially mapped exciton-polariton condensate wave functions (see ! is a normalization constant. Based on the symmetry consideration, the solutions of Eqs. (3) can be classified accordingly to the parity of the z-component of the angular momentum, i.e. we have two independent space of solutions; u (11) into (3), the eigenvalue problem is reduced to the system of linear equations:
where N,m = ω N,m /ω 0 are the dimensionless Bogolyubov frequencies. The reduced frequencies N m , the coefficients A N N1 and B N N1 can be written in a form of Taylor expansions:
Using the series (A3) and Eqs. (A1) and (A2) at zeroth order in Λ we get 
while A 
